J Stat Phys (2009) 135: 737-750
DOI 10.1007/s10955-009-9760-y

A New Boundary Problem for the Two Dimensional
Navier-Stokes System

Efim Dinaburg - Dong Li - Yakov G. Sinai

Received: 31 March 2009 / Accepted: 14 May 2009 / Published online: 23 May 2009
© Springer Science+Business Media, LLC 2009

Abstract We formulate a new boundary value problem for the 2D Navier-Stokes system on
the unit square. Under some suitable assumptions on the initial velocity, we obtain quantita-
tive decay estimates of the Fourier modes of both the vorticity and the velocity. It is found
that in one direction the Fourier modes decay exponentially and along the other direction
their decay is only power like.

Keywords Navier-Stokes equations

1 Introduction and the Formulation of the Main Results

Consider the two dimensional Navier-Stokes System (NSS) for incompressible fluids. In
the absence of external forcing, the vorticity w(z, x, y) = au‘gf"v) — X)) gatisfies the
equation

8 2w, 2 2 A (1.1)
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738 E.I. Dinaburg et al.

Here the viscosity is taken to be one and u;, u, are the components of the velocity vector
u = (uy, up) which satisfies the incompressibility condition

8u1 81/{2
— +—=0. (1.2)
dx ay

In the periodic boundary condition case, Foias and Temam [7] showed that if the initial
velocity 1o € H', then the Fourier components of w decay exponentially for any ¢ > 0. In
the papers by Ferrari and Titi [6] this result was extended to general nonlinear parabolic
equations with real analytic nonlinearities (see also Cao, Rammaha and Titi [1] for the case
on the sphere). In the paper [11] another proof of the Foias and Temam theorem was given
using a geometric trapping argument. In our paper [4] other cases for which the result of [7]
remains valid were described. In the whole space case, the first existence and uniqueness
theorems for weak solutions of (1.1) were proven by Leray [10] for the NSS and later ex-
tended by Hopf [8]. Ladyzenskaya [9] proved the existence and uniqueness results for strong
solutions in general two-dimensional bounded domains. We refer the interested readers to
[3, 5, 11-14] and references therein for more related results.

It is a natural question whether exponential decay of Fourier modes is exceptional or
typical. We believe that it is exceptional and in the general case it is a power-like decay
with a power depending on the geometry of the domain. In this paper we describe a new
boundary value problem for NSS for which we give upper estimates of Fourier modes.
As it will be shown, these estimates decay exponentially in one direction and only power-
like in the other direction. Presumably it is hopeless to get general lower estimates but we
believe that our upper estimates are close to being optimal. In the accompanying paper by
N. Chernov (see [2]) numerical results are given which confirms this type of behavior.

New Boundary Problem Consider NSS inside the two dimensional square Q whose sides
are equal to 7. The first set of boundary conditions is posed for the velocity component u.
Namely, assume that

u(t,x,y)=0, forall (x,y)edQ andallt>0. (1.3)

The second set of boundary conditions is posed in terms of the vorticity. More precisely, we
assume on the vertical parts of 9 Q,

w|x=0=w|x=r{=07 VOS)’SN, t>0, (14)
and on the horizontal parts of 9 Q,
Oywly=o = 0yw|y=r =0, VO0<x<m, t>0. (1.5)
The system (1.1), (1.2) together with the boundary conditions (1.3)—(1.5) then forms a com-
plete set of equations for which we shall prove the existence and uniqueness of classical
solutions.

We consider solutions of NSS with finite energy. Therefore by (1.3) u; can be expanded
into the following Fourier series:

h(t,m,n) . .
ui(t,x,y)= Z %smmxsmny. (1.6)

m,n>1
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We shall assume that this series and all series below like (1.6) converge fast enough so
that formal operations like differentiations are possible. The strong decay of the Fourier
coefficients will be proved later. Next we write

oui(t,x,y) _

3 Z h(t,m,n)cosmxsinny.
X

m,n>1
From the incompressibility condition

Bl B
Blyz = —% =— Z h(t,m,n)cosmxsinny.

m,n>1
Therefore we write u,(¢, x, y) in the form
h(t,m,n
ux(t,x,y)= Z ¥cosmxcosny+v(t,x), (L.7)
n
m,n>1
where v is a function of (z, x) which we write as a Fourier series
£, m)
v(t,x) = ——— cosmx. (1.8)

Note that the term m = 0 is not included in the sum. The omission of this term is equivalent
to the condition that foﬂ v(t, x)dx = 0. Thus the basic parameters in our problem are the
coefficients h(t,m,n),m >1,n>1and f(¢t,m), m > 1.

System of ODE for h(t,m,n), f(t,m) For the vorticity w(t, x, y) we can write

. 8u| 8u2
T 9y ox
2 2
= Z h(t,m,n)~u-sinmxcosny+2f(t,m)sinmx. (1.9
m=>1,n>1 mn m>1

By using (1.6) and (1.9), we have

a N2 N2
U @ _ Z h(t,m',n’)- w -cosm’xcosn’y

ax n
m'>1,n">1
"on
h(t,m",n"y .
E — > sinm”"xsinn"y
m’
m’>1,n">1

h(t,m",n") . .
+ Z m' f(t,m’) cosm’x Z ———~sinm"xsinn"y

m'>1 m’>1,n">1 m’
2 2
— l E h([ m' l’l/)h([ m” I’l”) . (ml) + (I’l/)
- 9 b ’ ’ ont
4 m'>1,n">1 men
m">1,n">1

X (Sin(m/ +m")x — sin(m’ — m”)x) . (sin(n/ +n")y —sin(n’ — n”)y)
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1 /
+, Zl f(t,m’)h(t,m”,n”)%

m">1n">1

x (sin(m/ 4 m")x — sin(m’ — m”)x) sinn”y, (1.10)

where we have used the trigonometric formula

1 1
sinx cos B = 3 sin(a + ) + 3 sin(a — f).

Similarly we compute

w 1

wp-Zo ==y D hm nOhm n")

(m/)2 + (n/)Z
I
m'>1,n">1 nmn
m'">1,n">1

X (sin(m/ +m")x + sin(m’ — m”)x) . (sin(n/ +n")y + sin(n’ — n”)y)

1 , ) (m/)2 + (n/)Z
3 Z h(t,m ,n/)f(hm/)W
m'>1,n">1
;1//21
X (sin(m/ +m")x + sin(m’ — m”)x) sinn’y. (1.11)

Adding together (1.10), (1.11) and re-indexing, we obtain

B ad
ul-ﬁ—l—ur%: Z sinmxsinny-(

m>1,n>1

Z ht,m',nYh(t,m",n")

m' .’ m" 0" >1

m'£m" =+m
n'+n"=%n

FNg.

2 2
« ((m/) + (l’l/) . (_1)1;1(m’,m”’m)+u1(n’,n”,n)
m'n

"2 "2
_ (m ) + (n ) . (_l)uz(m’,ln”,m)+v2(n/,n’/,n))
m'n’

1 m/ ’or
+5 > SR m n) - (e

2 m' \m">1 mn

m'£m" =+m

! (m")? +n? L

-5 Z f(t,m//)h(t,m/,n)W (= 1)vammm) )

m/.mnzl
m'+m" =+m

(1.12)

Here vy, v, are integer functions defined as

1, ifm —m’" =m,
’ ” _
vim',m",m) =

0, otherwise.
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oo, ", my = | 1 it _.m” -

0, otherwise.
The formula (1.12) is not enough for giving the equations for h(¢,m,n), f(t,m) and an
additional step is needed. We remark that the sequence {cosnx, n > 0} is an orthogonal
basis in the Hilbert space L2([0, 7], dx). Therefore we can write

sinnx = ZF(n,ﬁ)cosﬁx, (1.13)
n>0
where
e, ifn—iisodd,n= 1,721
Fn,n) ==, ifn > 1,7 =0and n is odd (1.14)
0, otherwise.

Return back to (1.12). In the product sinmx - sinny we replace the second factor by the series
(1.13). Then the LHS can be written as a series w.r.t. sinmx - cosny. The equality between
the coefficients of the series on the LHS and RHS gives the needed system of equations for
h(t,m,n), f(t,m). Collecting the formulas (1.1), (1.9), (1.12) and (1.13), we obtain

h(t,m,n) + AN, m,n) = —m? 4+ n®h(t,m,n), Ym,n>1, (1.15)
fe.m) + N(t.m,0) = —m’f(t,m), Vm=>1. ‘
Here form > 1,n >0,
1
e :kZ]:F(k,n). (Z / /Z; N>lh(f7m/, nYh(t,m",n")
) "L
0 tn =tk
2 2
* (M (=Tt ok
m'n
2 2
- M : (—1)“2<"“""”vm>+v2<ncn~,k>>
m'n

] m/ ’ 4

P t, /hl‘, ”,k — (=1 vi(m',m" ,m)
t3 2 SEmOhn g (D

m’i;n”;im

' PR

-3 /2/;1 Fm DRt m' )=l - (=1)" O L16)
e —tm

The RHS of (1.15) describes the influence of viscosity. The system of (1.15) is our basic
ODE system for the coefficients (¢, m, n), f(t, m). The main result of this paper is the
following
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742 E.I. Dinaburg et al.

Theorem 1.1 (Wellposedness and mixed decay) Let h(0,m, n), f(0, m) satisfy the inequal-
ities

Dy mn
menf  m?+4n?’

|h(03man)|§ Vm,nzl,
1.17)

D
fO,m)] <=2, VYm=>1,
mOl

and o > 2,2 < 8 <3, Dy > 0. Then there exists a time T =T (Dy, «, B) > 0, a constant
Dy = Di(Dy, a, B) > 0, such that (1.16) has a unique solution h(t,m,n), f(t,m) which
satisfies for all 0 <t < T the inequalities

. (3_%[ . —mn
menb m? +n?’

|h(t,m,n)| < Vm,n>1

(1.18)

D _u,
|f(t,m)| < —e 2, VYm=>1.
mY

In fact h(t, m, n) satisfies an even stronger inequality. For any 0 < ty < T, there exists a
constant Dy = D,>(Dy, o, B, ty) > 0 such that for any ty <t < T, we have

D m
h(t,m,n)| < —2e B, Ym,n>1. (1.19)
n

Finally if Dy is sufficiently small, then the corresponding solution is global and the estimates
(1.18), (1.19) hold for T = 4o0.

Remark 1.2 By Theorem 1.1 and especially the decay estimate (1.18), (1.19), we obtain a
classical solution to (1.1) satisfying aforementioned boundary conditions. By Sobolev em-
bedding and trace theorem for Lipschitz domains (or directly using the trigonometric expan-
sion), it is not difficult to check that the vorticity w has continuous second order derivatives
up to the boundary. Furthermore, we have w|,—¢ = ®|;= = 0 and 9,w|y=p = dyw|y=r = 0.
In other words, our boundary conditions (1.4)—(1.5) is satisfied naturally.

Remark 1.3 The uniqueness of solutions to the original 2D NSS system (1.1) with bound-
ary conditions (1.3)—(1.5) essentially follows from the uniqueness of solutions to the ODE
system (1.15). Namely fix «, § to be the same as in Theorem 1.1, we introduce the Banach
space consisting of functions ® = & (¢, x, y), such that

~ m2 n2 ~

o, x,y)= Z h(t,m,n) - + -sinmx cosny + Zf(t, m)sinmx

m>1,n>1 m>1

and endowed with the norm

|&lla,p := sup maX[ sup |fz(t,m,n)| -m*n®, sup|f(t,m)| -m"‘}.

0<t<T m=>1,n>1 m>1

By direct computation or using the proof of Theorem 1.1, it is then not difficult to check that
for the same initial data there exists at most one solution to (1.1) in this space.
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A New Boundary Problem for the Two Dimensional Navier-Stokes 743

2 Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1. Let 2(0, m, n) satisfy (1.17). The system
(1.15) in the integral form can be written as

h(t,m,n) = e_(m2+"2)’h(0, m,n) — fot m;"—:nze_<"’2+”2)sN(t —s,m,n)ds, VYm,n>1

fa,m)y=ef(0,m)— [y e ™ N(t —s,m,0)ds, Ym > 1.

Note here the terms N(¢,m,n), n > 0 are nonlinear functionals of h(¢t,m,n), f(t,m),
m > 1,n > 1. We then seek a solution of (2.1) by iterations. Define the iterates

RO, m,n) = e "+ D0, m,n), VYm,n>1,

2.2)
FO@, m) =e ™ £(0,m), VYm>1,
and for j >2
ROt m, n) = e~ ™+ R0, m, n)
" mn 220
_ —(m=+n)s a7(G=D 4 _
/0 m2+n26 N (t—s,m,n)ds, Vm,n>1 2.3)
t
f”)(t,m):e*mz’f(o,m)—/ e SNUD( —5,m,0)ds, ¥Ym > L.
0
Here form >1,n >0,
. 1 . .
NY=V @, m,n) = T (k.n)- ( D IR G L RV
k>1 m'.n' \m" .n">1
m'£m" =+m
n'+n" =%k
"2 N2
o ((m )mj-n/(n > (1)
N2 N2
_ M . (_1)Vz(m’,m”A,mHvZ(n’,ﬂ”,k))
m/n//
+l Z (j*l)(t /)h(jil)(l " k)ﬂ (_l)vl(m’,m”.m)
2 ,,,If M e m’
m.,m" >
m'+m" =+m
_l Z f(j*l)(t m//)h(jfl)(t m k) (m/)2+k2 (_1)v2(m’,m”,m)
2~ i ’ Y m'm” ’
m.,m" =
m'+m" =+m
2.4

We begin with the following lemma.
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744 E.I. Dinaburg et al.

Lemma 2.1 Let 0 < y < 00, n > 0. There exists a constant C1 > 0 depending only on y,
such that

Ci, f0<n<4
1
DIt ml =16 B8 f0<y<2n=5 2.5)
pia Ci-b. ify>2n=5.

Here T (k, n) is defined in (1.14).

Proof In this proof we shall denote by C| the constant which may vary from line to line but
depends only on y. By (1.14), we have

1 k 1
E IF(k,n)l-—§C1§ . (2.6)
k#n kr k#n In® — k2| kY
k>1 k>1

Consider first the case 0 <n <4.If 1 <k <8 and k # n, then n?—k*>1> %. Ifk>9,
then |n? — k?| > %kz > %. Therefore if 0 < n <4, then

1
|IRHS of (2.6)| < C, Z A <C;j. 2.7
k=1

Next consider the case n > 5. If k < % then

k 1 - 1
Z |n2_k2|'k_y§C1'n Z kr—1
I<k<% I<k<Z
C,-n7?, ify>2
<{C;-nlogn, ify=2 (2.8)
Ci-n77, if0<y <?2.
If k > 2n, then
k 1 1 B
I;M'k_rsc‘;k?yfc“” v, 2.9)

If’z’ <k <2n, then

k 1 1
- . —<C,-nv.
Z n2—k2 kv = ! n Z lk —n|

%skszn %51(5211
k#n k#n
<C;-n""logn. (2.10)
Collecting the estimates (2.7)—(2.10), we obtain (2.5). The lemma is proved. O
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Lemma 2.2 Let o) > 1,05 > 1. Let k > 1 be an integer. There is a constant C > 0 depend-
ing only on (o, an) such that

> L1 g 1 2.11)
vor e = G2 o '
ki=1,ky=>1 kl k2 ke

|k £ky |=k

where oz = min{o, o }.

Proof Again in this proof we shall denote by C; the constant which may vary from line to
line but depends only on y. Without loss of generality assume «; < arp. We split the sum
on the LHS of (2.11) into two parts. In the first part k; < 15‘ Then by |k; £ kp| =k we get
ko > % Therefore

3 L.L<22L<2<2.
KT S per £ | S e = g

1§k1<§,k221 k=1

In the second part k; > § Then

oL Loyl &
kY k?

=% k=1 k21
k1 £ko | =k
Putting the above two estimates together we obtain (2.11). ]

Lemma 2.3 Let o >2,8>2.Letm > 1, k > 1 be integers. There exists a constant C3 > 0
depending only on (o, B) such that

1 1 m'n” <C 1 512
> L D ) L T E Y VT E Tl T 212
i/ m” |=m
|n'+n" |=k
1 1 m’'n’ <C 1 513
e D@ P ) ) T mek @1
i/ £m” |=m
|n'£n" |=k
Proof We first deal with (2.12). By Lemma 2.2,
ILHS of (2.12)| < Z ! ! !
: — (m/)ozfl(n/)ﬁ (m//)a(n//)ﬂfl (m//)2 + (n//)2

m'.n' \m" ;n">1

|m'£m" |=m
|n'£n" |=k

1 1 1
< - . — < (CHe—.
= m/%/;l (m/)afl(m//)a n[;] (n/)ﬂ (n//)ﬁ+1 =2 me—1kB

|m'£m" |=m |n'+n" |=k
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746 E.I. Dinaburg et al.

Similarly

1 1 1
|LHS of (2~13)| = Z (m’)”‘(n/)ﬁ_l ’ (m//)a—l(n//)ﬁ ’ (m//)z + (n//)Z

'’
m'.n',m" ,n">1

|m'£m" |=m

|n'+n" |=k
1 1 1
=< Z (m/)a(m//)a+l ’ Z (l’l/)ﬁ_l(n”)ﬁ = C2 ) makﬁ_l . O
m',m">1 n',n"">1
|m'£m" |=m |n'+n"|=k

Forany o > 2, 8 > 2, T > 0, introduce the Banach space X, g r consisting of functions
(h(), F@), h(®) = (h(t,m, 0)mnz1, (&) = (f(t,m))n=1 endowed with the norm
m? +n?

~ 1
:=max{ sup sup |h(t,m,n)|- -m¥nf . e2™,
0<t<T m,n>1 mn

|y, Fay

Xot,ﬂ.T

sup sup|f(t, m)|-m® ~e%"”}.

0<r<T m>1

We will prove Theorem 1.1 by a contraction argument in the space X, g r for some suffi-
ciently small T > 0.

Proof of Theorem 1.1 Define the iterations according to (2.2), (2.3). We first show that if T
is sufficiently small depending on (Dy, , B), then

| D @m,m), £ my)|

<2Dy, Vj=>1. (2.14)
Xo.B.T

By (1.17), we have

H D, m,n), f(')(t,m))‘ Do.

=
Xo(.;ﬁ,T

Assume (2.14) holds for 1 < j < jo, jo > 2. Then for j = jy, n > 0, we have

|N<-"°—”<t,m,n)|ska,nn-( D e (RO TR A (R A

k>1 m/,n/,m//,n//zl
|m'£m" |=m

|n'+n"|=k

X((m’)2+(n/)2)-( 1 ,+,L>

m//n m n//

4

. . m
+ 2 1wl R m ]

m',m">1

|m'£m" |=m

N2 2

- C m')”+k

+ Y 1@ m) - ' ol
m',m">1
|m’£m" |=m
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A New Boundary Problem for the Two Dimensional Navier-Stokes 747

<4D; Y T (k,n)l

k>1

X(Z

'’
m'.n'\m" ;n">1

efé(m’+m”) 1 m'n’" +m"n’
(m/)“(n’)/f‘ (m”)"‘(n”)/f‘ (m//)2+(n//)2

|m'£m" |=m
|n'+n" |=k
N Z eflj(m’er") m'k
m) (m'") kB ’ m")?2 + k2
m’.m”zl\m’:&:m”l:m( ) ( ) ( ) +
t ’ 4
—5(m'+m")
e 2 k
+ > TR m-) (2.15)
m',;m" >1|m'£m” |=m

Now remark that if |m’ & m”| = m, then m" + m” > m. Therefore by Lemmas 2.3, 2.2, 2.1,
we have

¢ 1 1
[RHS of (2.15)] 54D§-e—7"’-2|r(k,n)|-c3 ( + )

me—1gp ~ mekh-1
k=1

N 1 log(n +5)
<Cy-e 2™M. ,
stace (m"‘*l(n+1)/5 +m“‘(n+1)/3*1

where C;3, C4 are constants depending only on (Dy, @, 8). Substituting this estimate
into (2.3), we get

mn Dy
m?4+n? monf

R (¢, m,m)| < ="

t

mn —om4n?)s L

+ = 2-C4-/ e s pmatmIm g g
m-—+n 0

( 1 N log(n +5) )
x mel(n+1)F  m*(n+ 1)1

mn Dy
m?2+n? menf

< e*(mz+n2)t .

t
mn _ (2 2
'C4'€ zm/ e (m=/2+n )sds
0

m? + n?
1 log(n +5)
X +
m*ltn+1DF  m*(n+ 1)1
2,2 mn Dy : mn
<e—(m+n)t.—‘—+e—7m. .C
- m?+n?2 menf m? +n? 4
1 1— ef(m2/2+n2)t

X .
m2/2+n2)35  (m2/2+n?)3t3

1 log(n +5)
.<ma_1(n+1)ﬁ +ma(n+1>ﬁ—1>' (2.16)

W=

Xt
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748 E.I. Dinaburg et al.

Now remark that

1—e*

sup — < C5 <0,

x>0 X3

where Cs is an absolute constant. Also it is clear that

1 1 log(n +5) 1 1
2 : _ + _ S C6 Tt _5
(m2/2 +n2)s \m“ Im+1)F  m*(n+1)»F1 me® nf

where Cs is another constant depending only on (Dy, «, B). Substituting the above two
estimates into the RHS of (2.16), we obtain

W90 (t,m,n)| < e ™ ——— . —— (Do +13-Cy-Cs - Co).

D3
LetT < 5
Cy-C5-Cg

.Then for 0 <t < T we get
1RO (1, m, n)| < e 2™ . ——— . —— 2D, 2.17)

By a similar computation, we also obtain

t

: 2 2 m C
L m)| < e £(0,m)| +f P (O
0

3
Dy

3
where C7 and Cj are constants depending only on (Dy, o, 8). Taking T < min{%, F}’
456 8
wegetforO<t<T,
. m, 2D
|f90 e m)| < e300 2.18)
ma

Clearly (2.17), (2.18) implies that (2.14) holds for j = jy. This finishes the induction step
and (2.14) is proved. By essentially repeating the above estimates, we also obtain strong
contraction of the sequence (A" (¢), fU)(¢)). Namely there exists Ty = To(Do, a2, 8) > 0
and a constant 0 < 6 < 1, such that if T < T}, then

[ @, p7 @) = nO@, £ )

Xu,ﬂ.T

<00, @) - I, £V ) viz2

X, T

This shows that (A (), f(¢)) is Cauchy in X, g r and hence we have shown the existence
and uniqueness of a solution to (2.1) in X, g 7. Consequently (1.18) holds with D; = 2D
We still have to show (1.19). We shall establish this by a bootstrap argument. Without loss
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A New Boundary Problem for the Two Dimensional Navier-Stokes 749

of generality assume 7y < 100 Denote Ah(t) = h(t + t‘)) fO=f@+ ’0) Then (h (1), f (1))
solves (2.1) with (h(tg), f(’“)) as initial data. For0 <t < T — "’ , by (1.18), we get

~ o D, _m, _m, mn
|h(t,m,n)| = |h t+§,m,n < cem 2l em .

menb m? +n?

_m

D —4 1 e 4h
< e 2 — e —
=1 B+l a1

Since m > 1 and 1y > 0, we have

Pk
-1

D - sup
m>1 m*

< D3 < o0,

where Dj is a constant depending only on (D, «, 8, tp). Therefore we obtain

A~ m m 1
|h(z,m,n)|§D3-677’-e73’°-W, VYm,n>1. (2.19)

Similarly we have

~ m m 1
[ftm) < Dy-e ¥ e 80 o V=, (2.20)

where D} is a constant depending only on (Dy, «, B, tp). Denote N(t) as the expression in

(1.16) with (h(t), f(¢)) now replaced by (fz(t) f(t)). Then by Lemmas 2.2, 2.3, 2.1 and
(2.19), (2.20), we have forany 0 <s <7 — 2

log(n + 5)

O —mg_mgy
NGsmom] < e 80. Dy 2EZS
where D, is another constant depending only on (D, «, B, tp). Plugging this estimate into

the RHS of (2.1) and using again (2.19) for fz(O, m, n), we obtain for r > 1%,

A 22y A m o m log(n + 5 m
lh(t,m,n)| < e” " RO, m,n)|+ — e 6"’~D4-M-e 2!
n (n+1)~-1
t
X/ e—(mz+n2—%)sds
0
—(m2+n2)t' L B=% 1 Pt S T 10g(i’l+5)
<e Dsy-e 276 7nﬁ+1m10+m e 60721 . Dy —
m m 10g(n+5)
Lo~ pt=Fn 2 T
<Ds-e 7 Py

where D5 depends only on (Dy, , B, tp) and we have used the fact that ¢ > in bounding

100
the linear term. Compare this bound with (2.19), we have a better estimate of h (t, m, n) with

the decay in n improved from n~=#+D to n=¥+2 . log(n + 5). Iterating the above process
once more and noting that (2.5) only produces a decay of n=2 for y > 2, we obtain for any

1o to
<
g =8 < T —

IN(s,m,n)| <e 3770 . Dy -
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and consequently
lh(t,m,n)| < D;-e” 2780 n 7,

Here again D¢, D7 are constants depending only on (Do, «, B, fo). Hence (1.19) holds. Fi-
nally we remark that the small data result follows along the same lines as in the proof of the
local contraction argument. We omit the standard details. The theorem is proved. a
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